INTRODUCTION
Groups of finite Morley rank have been studied by several model theorists since the early 1970s. Cherlin conjectured (see [Chl] ) that infinite simple groups of finite Morley rank are algebraic groups over an algebraically closed field. This conjecture seems to be one of the most difficult problems in applied model theory. Important contributions were made by Zil'ber [Zi] and Thomas [Thl] . An English translation of Zil'ber's results can be found in [Th2] or [N2] . In [Nl] we gave a survey of results on the subject. Cherlin, in [Chl] , studied groups of Morley rank 2 and 3. The classification of these groups is not yet complete. In this article we go farther in Cherlin's analysis of rank 3 groups. Cherlin considered two classes of connected groups of Morley rank 3: he called such a group a good group if it has a definable subgroup of Morley rank 2, otherwise a bad group. He proved that a good group is either solvable or isomorphic to SL,(k) or PSL,(k) for some algebraically closed field k. His analyis of bad groups is less complete. He conjectured that bad groups do not exist. We were not able to prove his conjecture. However in this article we show some properties of bad groups.
Before stating our result let us remark that there are "bad-group-like" groups. For example, the real Lie group SO,(W) is a simple connected group whose proper subgroups have Lie dimension < 1. But of course SO,(R) is not supposed to be w-stable. In this article we exclude such groups from being bad groups. Combining Cherlin's results and ours we get: 199 200 ALI NESIN THEOREM.
Let G be a centerless, non-solvable bad group. Then
(1) G is simple,
(2) G has no involutions, (5) For all aEG, G=UgeC C,(a)", (6) rf a E G -{ 1) then Co(a) has Morley rank 1, is connected, hence abelian. Either all centralizers have exponent p for some fixed prime number p or they are all divisible groups.
Results (4), (5), (6) are due to Cherlin. We will re-prove them here for the sake of self-containment.
Conjecture (Cherlin) . There are no groups of Morley rank 3 that satisfy the conditions of the theorem.
Even without any stability condition on G we do not know if there is such a group. If we had such an example we could find out why it is not o-stable and try to give the same argument for the general case. Our proof follows the above idea. We figured out why SO,(lR) is not stable by defining [w inside the group and then generalized the reason.
In Section 2 we state some facts that we used in the proof. In Section 3 we look at the structure of SO, ( [w) which is useful in guiding us throughout the proof. In the next section we reprove some of Cherlin's results about bad groups. The rest of the article is devoted to the proof of the theorem.
Let us give a sketch of the proof. Let a E G -(1 }. Let T= Co(a)', N= NJ T). Our aim is to show that N= T. This easily implies the theorem. We suppose this is not the case. By using a crucial lemma (Lemma 6) and some finite group theory we are able to show in Section 5 that N/T is isomorphic to the cyclic group Z, for some prime number p. In Section 6 we prove without major difficulty that p = 2. At this point our group really looks like SO,(R) and we can mimic the realization of [w in SO,(!R) in our group G. This is done in the last section and gives the desired contradiction.
As the sketch shows, the proof of the theorem is very algebraic. The only model theory needed is the definition of Morley rank and the concept of saturated models.
SOME BASIC FACTS USED IN THE PROOF
We list in this section algebraic and model theoretical results used in the proof of the theorem. The reader may skip this section and come back to it whenever there is a reference to some fact in later sections. A connected, non-solvable group of Morley rank 3 which has a definable subgroup of rank 2 is isomorphic to PSL,(k) or SL,(k) for some algebraically closed field k.
Fact 4 (Cherlin [Chl ] ). Let G be a group of finite Morley rank, and let Go be its connected component. Then [G: Go] = deg G. In particular G is connected iff deg G = 1.
Fuct 5 (Macintyre [BChMa] ).
If G is a connected group and if X is a finite normal subset of G then Xc Z(G).
Fact 6 (Macintyre [Ma2] , Cherlin [Ch2] ). w-stable division rings are algebraically closed fields.
Let Zp5 be the Priifer p-group (see [Ka] for a definition), let Q, be the field of p-adic numbers (see [Am] for a definition), and let Zo,) be the ring of p-adic integers and Z&, the group of units of ZcpJ.
Fact 7. Aut(Z,) z Z&,E Q,. We could not find a reference for this result in the literature, but this fact can be checked easily.
Fact 8 (see e.g. [Am] ). If p # 2, Q,, has no elements of order p.
Fact 9 (see [Zas, p. 1461) . Aut(Z,.) is a 2-group.
Fact 10 (see [Zas, pp. 148, 1491) . If K is a finite p-group in which every subgroup of order p2 is cyclic then K is a cyclic group.
Fact 11 (see [Zas, p. 175, Theorem 111) . Let W be a finite group whose Sylow subgroups are cyclic; then W=(a,b(a"=b"=l,bab-'=a') for some integers m, n, r that satisfy 0 < m, mn = / WI, ((r -1 )n, m) = 1, rn 3 1 (m).
Fact 12 (see [Hr, p. 124, Theorem 7.151) . Let S be a projective space of dimension 2 3 and let E be a plane in S; then E is isomorphic to a projective plane over a division ring D. Furthermore D is first order definable. Fact 14 (see [Hg, p. 223) . Let id i* be a polarity of a projective plane P, over a field k. Then the polarity is given by i*= {jek3-(0) 1 A(jf)j'=O}/-, where i, Jo k3; f E Aut(k); f * = 1; A E GL,(k) such that (A')'= aA for some a E k with f acting on GL,(k) and k3 componentwise; A', j' denote the transposes of A and j, respectively; and finally -is the equivalence relation of linearity. Furthermore if f= 1 then tl = 1. Both definitions might be useful depending on the problem. We start with the first definition. (The results of this section may be more easily checked by using the first definition. The projective 3-space constructed in Section 7 will be similar to the one defined in W N R4).
If A E SO,(R) is an involution (element of order 2) then A can be diagonalized. In fact, for some BE SO,(R), are all involutions. Now suppose A is not an involution. Then A cannot be diagonalized, but nevertheless it is conjugate to some element of (h $& And the group (A .;"& is the centralizer of any of its elements of order > 2.
Therefore in SOX(lR), an element A # 1 has a nonconnected centralizer if and only if A2= 1.
We will prove all these results for some class of bad groups. Then we will use the second definition of SO,(R) to get a division ring which will be algebraically closed by Fact 6 and will easily give the desired contradiction. (Note that if K is an algebraically closed field then SO,(K) has closed subgroups of dimension 2; i.e., SO,(K) is not a bad group).
SOME KNOWN RESULTS ABOUT BAD GROUPS
From now on G will denote a bad group; i.e., G is a connected, nonsolvable group of Morley rank 3 whose definable proper subgroups have rank < 1. In this section we will prove some of the results of the theorem stated in the Introduction. Most of them are due to Cherlin, and the ones which are not explicitly stated in [Chl] are implicit in the argument.
Since G is not solvable, Z(G) must be finite in view of Fact 2. Z,(G) is also finite for the same reason. By Fact 5, Z,(G) = Z(G). Thus G/Z(G) is a centerless group; on the other hand, it is obviously a bad group. Therefore in order to show that a bad group does not exist it is enough to show that a centerless bad group does not exist. From now on we also suppose that G is centerless. 
This contradicts Lemma 1. 1
Let us now fix our notation. Let a E G -{ 1 }. Set
T stands for torus and W for Weyl group. If x E N we denote by X the element of W represented by X. 1 will denote the automorphism of T given by the conjugation by x. If b E G -( 1 }, B will denote C,(b)'. Define also X= u Tg. gsG Since G is a simple bad group, rk(N) = 1, so W is a finite group and rk X= 3. By Lemma 2, rk( T) = 1. Therefore T is abelian. In fact we know more about T: it either is elementary abelian, i.e., isomorphic to @Z, for some prime number p, or is divisible (Fact 1). Since a and b above are chosen arbitrarily the results below hold for any a,b~G- (vi) There is a g E G such that Tg = B; i.e., the connected parts of centralizers are conjugate to each other. In particular, the structures of T, N, W do not depend on the choice of a E G -{ 1).
(ix) If x E N -T is such that x" E T for some n then x" = 1. In other (iii) If x, xg~ T then Tr C,(x) 
by Lemma 2.
(iv) We know that rk X= 3. So rk(G -X) < 2. Since X is a normal subset, G-X is a union of conjugacy classes. By Lemma 2, G-X is the union of finitely many conjugacy classes.
i.e., gE N. Hence IxG n C( = IN/C,(x)1 < IN/T\ which is finite. Thus (G -X) n C is finite. Therefore if C # T, the infinite set C -T would meet X. Let xg E (C -T) n X. Without loss of generality we may choose x E T. Then T, Tg-' s C,(x). By (i), g E N and so xg E Tg = T, a contradiction. (vii) follows from (iv). (ii) Let XE N-T; then xT= XT. In particular the elements of XT all have the same order.
Proof: (i) Since N -T has an element of order p", G has elements of order p. By Lemma 3(v), T has elements of order p. Let T, denote the set of elements of T of order p. T, is a subgroup and 1 acts on T,. Since 2 and T, have orders that are powers of p, 2 fixes a non-trivial element of T,. CAx) is finite, because if not C,(x) = T, i.e., x E T.
( In view of the above lemmas, to finish the proof of Theorem 1 all we need to prove is that C,(a) is connected and G has no involutions. By Lemma 3(viii), C,(a) 5 N. We will prove that N= T. This will give the connectedness of C,(a). It will follow easily from this that G has no involution. To get a contradiction we assume that N # T, therefore T is divisible (Lemma 4).
In the next section we prove that W N Z, for some prime number p. In Section 6 we will show that p = 2. Now our group looks like SO,(R). We will use this observation in Section 7 to get a contradiction.
From now on G will denote a simple bad group where T is divisible and N 7 T. Without loss of generality we may suppose that G is saturated. We will use this assumption only to get torsion-free elements of T to be used in Lemma 6. 5. W z Z, FOR SOME PRIME NUMBER p
The following lemma is crucial.
LEMMA 6. W does not have a subgroup isomorphic to Z, 0 Z, for any prime number p.
Proof.
Let T, = {x E T 1 x is torsion}. Since we assume G is saturated, T/T,, is an infinite torsion-free group. W acts on T/T0 by conjugation. If t5 E W we will denote by z the automorphism induced by h on T/To: i;(Z) = huh-' for any 5 E T/T,. We have a homomorphism of groups
that sends an element h E W to h. We claim that this is a monomorphism: If h= 1 then [h, a] E T, for all aE T, so [h, T] c T, $ T. Then [h, T] is finite. This implies that C,(h) is infinite. So C,(h) = T and h E T, h = 1. We may therefore suppose that W c Aut( T/T,,). Now let K be a subgroup of W isomorphic to Z, @ Z,. Look at the subring R of End(T/T,) generated by K. More explicitly, f n,giIniEZ,giEK i= 1 ( > ,gl n,g, (a)= fi og' i= 1 for all ii E T/T,. We will show that each 7 E R -(0) is an automorphism of T/To. This will give the desired contradiction because then the commutative integral domain R will have at least p2 -1 elements of order p (more than p), a contradiction.
Let jj E R -(0). v induces an action on T in the obvious way (the same definition as for 7 except for the bars over the elements). Let y denote this endomorphism. Since $7#0, Ker y is finite, so Ker y s T,, hence Ker jj = { 1). Since Ker y is finite, y is onto. So also $7 is onto.
This proves the lemma. m Let in T be an involution. We will show that N-T also has an involution. Let j be an involution that does not commute with i. Then Hence jk E C,(T) = T. This shows that W has a unique involution.
To prove (c), let k be another involution of T. Then i, k E C,(j) -C,(j)'. By above, ik E C,(j)". But also ik E T. So C,(j)" = T and j E C,(j)" = T, a contradiction.
It remains to prove (a). We first show that W is a 2-group. Let x E N-T have prime order p # 2. x acts by conjugation on T2"= (bEA 1 b*"= 1 some H} which is isomorphic to ZZm because T has a unique involution. x also acts on Hence 1 can be viewed as an element of Aut( T2") N Aut(Z,.) which is a 2-group by Fact 9. Since p # 2 this gives 2 = 1 on T2", hence on T2m. But then C,(x) is infinite, so C,(X) = T, i.e., x E C,(T) = T, a contradiction. This shows that W is a 2-group.
Suppose now x E W is an element of order 4. So X2 =j. x acts on T4 N h, as above. Let y E T4 be an element of order 4. Then y" = y or yX = y -'. But in any event yxz --y. So also y' = y. On the other hand, Lemma 5(ii) gives yj=y-l.
Therefore y -' = y, y* = 1, a contradiction. 1
In view of the above lemma, in order to show that W z Z, we may suppose for the rest of this section that G has no involutions and ) WI is odd. Now fix p to be the smallest prime dividing 1 WI. Let U E W be an element of order p. By Sublemma 3, we may assume that W has elements of prime order q different from p. Proof: Let V E C,(c) be an element of prime order q #p. Then V acts on X and X,/X. But since q does not divide p -1, by Sublemma 3, V must act trivially on X and XI/X. We will prove that 5 acts trivially on X, 2.Zp@ZP. Let x1 EX,. Write Now we finish the proof of Lemma 8. By Sublemma 2, w' is the normal subgroup generated by [g, h] = !? ', hence W'E (h). In fact since ((r-l)n, m)= 1, w'= 1 or W'= (h). In the first case W is abelian and therefore by Sublemma 4, W2: Z,.
Suppose now that W' # 1, i.e., W is not abelian. Notice that W' = (h). Let q be the smallest prime number dividing ( W'I. In the argument of Sublemma 4, replacing W by w', p by q, we get w' N Z,. Hence m = q is a prime. I claim that p # q. Suppose p = q. W acts on the derived subgroup w' by conjugation. Since W' = Z, = Z, and since p is the smallest prime this action is trivial. Thus w' is in the center of W. But then (since h E w' -{ I > ) we have C,(h) = W. So by Sublemma 4, W N h,, a contradiction. By Sublemma 4 we also have n =p. Lemma 8 is now proved. 1 LEMMA 9. W is abelian.
ProoJ: If G contains an involution the result is given by Lemma 7. So suppose G has no involutions. Let us suppose that W is not abelian in order to get a contradiction. By Lemma 8, 1 WI =pq for 2 different primes p and q which are different from 2. Thus all elements of W have order 1, p, or q.
Thus o(x) is p or q by Lemma 3(ix). 1 SUBLEMMA 2. There is no element x in T for which C,(x) = N.
Proof. Suppose there is such an element x. Then o(x) is p or q by Sublemma 1. We call elements whose centralizers are the whole normalizer nice elements. Thus x is nice. Conjugates and non-trivial powers of nice points are still nice points. By Lemma 5(ii), x is conjugate to an element in N -T. Let y be this element which is also a nice element. Since y, yx2 EAT, again by Lemma 5(ii), y and yx2 are conjugate. Therefore x and yx* are conjugate. By symmetry y and xy2 = y2x are conjugate. Since y*x, y2 EMIT, by Lemma 5(ii), y and y2 are conjugate (y'$ T). Set yg =y2. Then (C,(y)")" = C,( yg)' = C,( y2)' = C,( y )". So g E N( C,( y )") which is equal to C,(y) because y is a nice element. Then y2 = yg =y, so y = 1, a contradiction. 1 SUBLEMMA 3. If x E T then C,(x) is connected.
Proof: Suppose there is an element x for which C,(x) is not connected. Let t be its order. Thus t =p or q. Let s be the other prime. Call elements of order t whose centralizers are not connected nice elements. Let y be an element of N -I which is conjugate to x. y is also a nice element. Z claim that x and y commute. Suppose not. Then by Lemma 8 C,(x)/C,(x)" N Z,. Let ZE C,(x)-C,(x)'. Then by Lemma 3(ix) o(z)=s. By Lemma 5(i), C,(z) -C,(z)' has an element of order s. But x is also an element of the same set and has order t. Thus C,(z) -C,(z)' has elements of order p and q. Then C,(z) = N(C,(z)') by Lemma 8. But this contradicts Sublemma 2. Therefore x and y commute.
Now that we know x and y commute we can finish the proof of this sublemma by considering conjugacy classes exactly as in Sublemma 2. 1
Now we finish the proof of Lemma 9. By Lemma 5(i) there is an element in T whose centralizer is not connected. And this contradicts Sublemma 3. For the rest of this section the elements of G for which C,(x) is not connected will be called points of G. By Lemma 10 all the points have order p and the elements of N -Tare points. Obviously if x is a point then xc is a set of points; the same is true for xi if x'# 1 (ic d). If XE T is a point then C,(x) = N. And if y E N-T then XE C,(y) N HP by Lemma 10(i). Therefore T has only p -1 points, namely x, x2, . . . . xp-'. LEMMA 11. Let x be a point and i a positive integer. Then x is conjugate to xi 1Yf x'=x.
Proof Let gE G be such that xg = xi. Then (C,(x) ')g= CG(xg)' = C,(x')'= Cc(x)'. So gc N(C,(x)') = C,(x), hence xg = x. 1 Now we prove that p = 2. Consider the conjugacy classes in N -T. Let y E N -T be a fixed point. By Lemma 3(vi) y is conjugate to some element x E T which is also a point. By Lemma 5(ii) y'Tc(y')'.
By Lemma 11 (~')~n (v~)~=Q( if i#j. Therefore N-T contains p -1 conjugacy classes given by cosets of T. Since x is conjugate to y and y, yx* E yT, x is conjugate to both y and yx'. By symmetry y is conjugate to xy* = y*x. If y2 # 1, this shows that y cyr is conjugate to y* E y", contradicting the above considerations. Thus y* = 1, i.e., p = 2.
A PROJECTIVE ~-SPACE IN G
We will not need the Morley rank assumptions on G until the end of this section. After a few definitions we list the assumptions about G that we need to prove Lemma 13.
For xeG-(1) denote c; = C,(x)2 = {y' ) y E C,(x)}, c; = N(C,(x)) -CJ . We say that a group G is an O-group if it satisfies the following properties:
(1) c.: is an abelian subgroup that has more than three elements.
(2) C, is a set of involutions. Notice that our bad group is an O-group. SO,(R) is easily checked to be an O-group. In all these examples C-J = CJx)'.
We will find a projective 3-space in an O-group. Our construction is based on that of Karzel [Kz] . Here we simplify Karzel's construction partly by assuming more hypotheses.
For planes we take the translates of the set I of involutions. Lines will be the translates of C: for x E G -{ 1 }. Finally, for points we take elements of G. Let P, be the above geometrical structure where the incidence relation is the obvious one. We want to prove that P, is a projective 3-space. We have to prove the following axioms.
Sl. Two distinct points lie in one and only one line. S2. Three non-collinear points lie on a unique plane. S3. A line meets a plane in at least one point. S4. Two planes have at least a line in common. S5. There exists four coplanar points, no three of which are collinear. S6. Every line has at least three points. First a lemma. Proof. These are obvious.
With all these claims we have proved LEMMA 13. P, is a projective 3-space. The plane Z is a projective plane of P, with involutions us points and C; us lines.
A projective 3-space comes from a division ring K. In [Kz] it is proved that K is in fact a field. Since we need this result only for w-stable groups, we may use just Facts 6 and 12 to conclude this. Notice that if G is SO,(R), then K is just 58.
G acts on Z by conjugation. Each action gives rise to a projective plane isomorphism. Since G is simple, by Fact 13 we get Proof C,(X)~~ C,(x) hence C,(x) G NG(C,Jx)'). We just showed that W= 1. Thus N& (C,(x) O) = C,(x)', so C,(x) = C,(x)'. 1 COROLLARY (Cherlin) . G does not have involution.
Proof: Let ie G be an involution. Let Jo G be an involution that does not commute with i. Then iE NGCG(ij) because (ij)j = (ij))'. If i E C,(ij)' then i(ij) = (ij)i, i.e. ij =ji, a contradiction. Thus i E NGCG(ij) -C,(ij)". This contradicts the above proposition. 1
Finally our method shows that SO,([w) is not stable. If n k 5 one can easily define a subgroup of SO,(R) isomorphic to SO,(R): Imbed SO,_,(R) in SO,,(R) in the most natural way, let C be the centralizer of S0,_3(lR) in SO,(lR), then c*= {x2:xEc) is isomorphic to SO,(iR). Thus SO,,(R) is unstable for n 2 5. For n = 4, it is well-known that SO,(lR) is generated by two normal subgroups H, K which are isomorphic to SO,(R) and with intersection in Z(SO,(lR)). Then centralizer of H is K. So K is definable and being isomorphic to SO,(R), SO,(R) is also unstable. Now we can state:
COROLLARY.
SO,(R) is unstable for n 3 3.
O,(R) is unstable for R 2 3.
Recently the author and Anand Pillay proved the following result: If G is a compact Lie group over 53 whose connected component is not abelian then the field (03, +, .) is definable in G modulo an equivalence relation with classes of bounded cardinality (this is stronger than aying Iw is interprefable). Thus no such group can be stable (see [NePi] ).
There is another class of groups with a well-behaved dimension theory: groups definable in O-minimal structures (see [Pi] ). Pillay, Razenj, and the author have recently shown that, under some natural assumptions, such a simple group of dimension 3 must be isomorphic to SO,(K) or to PSL,(K) for some real closed field K. In this case bad groups do not cause a major problem thanks to a definable topology that one can endow these groups [NePiRa] .
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